Abstract. In this paper we numerically construct CMC deformations of the Lawson minimal surfaces ξ g,1 using a spectral curve and a DPW approach to CMC surfaces in spaceforms.
Introduction
The moduli spaces of CMC (constant mean curvature) spheres and embedded CMC tori in the 3-sphere are well understood by now. The only CMC spheres are totally umbilic due to the vanishing of their Hopf differential. Brendle [3] and Andrews and Li [1] have classified the embedded minimal and embedded CMC tori. Additionally, all CMC immersions from a torus into 3-dimensional space forms are given rather explicitly in terms of algebro-geometric data on their associated spectral curves [20, 12, 2] . These integrable system methods are also applied to study the moduli space of all CMC tori, see for example [17, 18] .
In contrast, higher genus CMC surfaces in S 3 are not very well understood. There are examples like the Lawson minimal surfaces [19] which exist for all genera. All known examples have been constructed by implicit methods from geometric analysis. However, there is no theory which describes the space of all CMC surfaces of higher genus, nor is there any classification of the embedded ones.
The study of CMC surfaces via integrable systems is based on the associated family λ ∈ C * → ∇ λ = ∇ + λ −1 Φ − λΦ * of flat SL(2, C)-connections on a fixed hermitian rank 2 bundle [12] . For minimal surfaces in S 3 the flatness of this family of connections is just a gauge theoretic reformulation of the Gauss-Codazzi and harmonic map equations. For CMC surfaces, the family of flat connections comes from the Lawson correspondence together with the Sym-Bobenko formula. The connections ∇ λ are unitary for λ ∈ S 1 ⊂ C * and trivial at two Sym points λ 1 = λ 2 ∈ S 1 . The immersion can be obtained as the gauge between ∇ λ 1 and ∇ λ 2 , and its mean curvature is given by H = i
. By loop group factorization methods, CMC surfaces can also be constructed out of families of flat connections which have a certain asymptotic behavior at λ = 0 and are unitarizable along the unit circle, i.e., unitary with respect to a λ-dependent metric (see Theorem 2) .
These families of flat connections can be constructed by two different methods: the spectral curve approach and the DPW approach. The first describes the family via flat line bundles parametrized by a spectral curve, i.e., a double covering of the spectral plane, as in Theorem 4. The flat line bundles are defined on a double covering of our Riemann surface, and the moduli space of them is given by an affine bundle over the Prym variety. The second uses a so-called DPW potential [5] , a loop of meromorphic sl(2, C)-valued 1-forms. The first method has the advantage that it is easier to deal with the unitarity condition, while the second can take advantage of the implementation of DPW in the XLab software suite.
The main difficulty in constructing higher genus CMC surfaces is that the generic connection ∇ λ is irreducible. Therefore, it is not understood by now how to make families of flat connections which are unitarizable along the unit circle. A flat connection is unitarizable if and only if its monodromy representation is unitary modulo conjugation. This is a condition which can be tackled numerically: using numerical ODE solvers one can compute the monodromy representation, and then apply basic results like Proposition 2 to determine whether a connection is unitarizable.
In the case of the spectral curve approach one also has theoretical support: as a consequence of the Narasimhan-Seshadri theorem it is known that for every holomorphic line bundle there exists exactly one flat compatible connection such that the corresponding flat SL(2, C)-connection is unitary. This enables us to numerically determine the space of unitary connections. With this knowledge we can numerically search for families of flat connections which are unitarizable along the unit circle. With this spectral curve approach we reconstructed the Lawson surface ξ 2,1 .
In the DPW approach, on the other hand, we combine these two steps, directly computing the families of unitarizable DPW potentials. The explicit translation from the spectral curve to the DPW theory provided initial data and elucidated the conditions at the sym points. We have carried out the DPW experiments for a special class of CMC surfaces, namely Lawson symmetric ones. They are equipped with a large group of extrinsic orientation preserving symmetries, which are holomorphic automorphisms on the Riemann surface. Due to this symmetry group, the moduli space of the possible Riemann surface structures is complex 1-dimensional. Its cotangent space is spanned by a quadratic differential which is the Hopf differential of a possible Lawson symmetric CMC immersion. A nice feature of such an immersion is that its curvature lines are closed (see Figure 1) .
Our experiments give strong evidence to the existence of real 1-dimensional families of Lawson symmetric CMC surfaces passing through the Lawson surfaces ξ g,1 themselves (see Figure 4 ). In the case of g = 1 this family is known from the spectral theory of CMC tori. We reconstructed this 1-parameter family numerically as a test of our procedure, bifurcating into the 2-lobed Delaunay tori of spectral genus 1, or continuing along the homogeneous tori of spectral genus 0. For higher genus Lawson symmetric CMC surfaces such bifurcations into higher spectral genus did not appear; these families continue until they collapse into double coverings of minimal spheres (as the Delaunay tori do). In genus 2 we have also found a family of Lawson symmetric CMC surfaces, disjoint from the family passing through ξ 2,1 , which seems to converge to a threefold covering of a CMC sphere (see Figure 5 ). Altogether, our experiments begin to map out the moduli space of Lawson symmetric CMC surface of genus 2.
The paper is organized as follows: In chapter 2 we describe the necessary theory for our experiments. In chapter 3 we discuss the first experiments on the Lawson surface of genus 2 via the spectral curve approach. Chapter 4 concerns the numerical deformations of Lawson symmetric CMC surfaces of genus 2. Chapter 5 collects experiments with Lawson symmetric surfaces of higher genus.
Theoretical background
We shortly recall the well known description of conformal CMC immersions f : M → S 3 , where M is a Riemann surface and S 3 is equipped with its round metric [12, 2, 8] . Due to the Lawson correspondence, there is a unified treatment for all mean curvatures H ∈ R:
3 be a conformal CMC immersion. Then there exists an associated family of flat SL(2, C)-connections
Here, Φ is a nowhere vanishing complex linear 1-form which is nilpotent and Φ * is its adjoint. Conversely, the immersion f is given as the gauge between ∇ λ 1 and ∇ λ 2 where we identify SU(2) = S 3 , and its mean curvature is H = i
. Therefore, every family of flat SL(2, C)-connections satisfying the properties above determines a conformal CMC immersion.
Note that the complex linear part of the family of flat connections extends to λ = ∞ whereas the complex anti-linear part extends to λ = 0. It is well known [12] , that for compact CMC surfaces which are not totally umblic, the generic connection ∇ λ of the associated family is not trivial. Moreover, for CMC immersions from a compact Riemann surface of genus g ≥ 2, the generic connection ∇ λ of the associated family is irreducible [8] .
An important observation is that it is enough to only know a family of gauge equivalent connections in order to construct CMC surfaces. We make use of the following theorem in order to construct compact CMC surfaces numerically. Theorem 2. Let λ ∈ C * →∇ λ be a holomorphic family of flat SL(2, C)-connections on a rank 2 bundle V → M over a compact Riemann surface M of genus g ≥ 2 such that
• the asymptotic at λ = 0 is given bỹ
where Ψ ∈ Γ(M, K End 0 (V )) is nowhere vanishing and nilpotent; • for all λ ∈ S 1 ⊂ C there is a hermitian metric on V such that∇ λ is unitary with respect to this metric;
Then there exists a unique (up to spherical isometries) CMC surface f :
such that its associated family of flat connections ∇ λ and the family∇ λ are gauge equivalent, i.e., there exists a λ-dependent holomorphic family of gauge transformations g which extends through λ = 0 such that ∇ λ · g(λ) = ∇ λ for all λ.
In the above form, this theorem was proven in [10] , but there are earlier variants adapted to the DPW approach [21, 6] .
From now on we focus on CMC immersions from a compact Riemann surface of genus 2 which have the following (extrinsic, space orientation preserving) symmetries:
• an involution ϕ 2 with exactly 6 fix points which is holomorphic on the surface and commutes with the other symmetries; • a Z 3 -symmetry generated by ϕ 3 with 4 fix points which is also holomorphic on the surface; • another holomorphic involution τ with only 2 fix points.
These surfaces are called Lawson symmetric CMC surfaces (of genus 2). The symmetries already fix the Riemann surface structure up to one complex parameter. To be more precise, the underlying Riemann surface is given by the equation
Clearly, Lawson symmetric Riemann surfaces corresponding to tuples (z 0 , z 1 , −z 0 , −z 1 ) with the same cross-ratio are isomorphic. The Riemann surface structure of the Lawson surface ξ 2,1 is given by z 0 = 1, z 1 = i. In this picture the symmetries are given on the Riemann surface by
πi y, z) and τ (y, z) = ((
There is a method called dressing which makes new CMC surfaces out of old, see for example [4] . The idea is that a CMC surface is in general not uniquely determined by the family of gauge equivalence classes of its associated family of flat connections. It was shown in [10] that a dressing deformation of a Lawson symmetric CMC surface is not Lawson symmetric anymore. Therefore, for Lawson symmetric CMC surfaces it is enough to know the family of gauge equivalence classes of its associated family of flat connections.
Altogether, in order to find CMC surfaces all we need to do is to find a holomorphic curve in the moduli space of flat SL(2, C) connections on M which may be lifted to a family of flat connections satisfying the properties of Theorem 2. Moreover for Lawson symmetric CMC surfaces, we do not need to consider the moduli space of all flat SL(2, C) connections but only those which are equivariant with respect to ϕ 2 , ϕ 3 and τ. We call these connections flat Lawson symmetric connections.
2.1. The spectral curve approach. One way to construct families of (gauge equivalence classes of) flat connections is based on Hitchin's abelianization [11] . We will restrict our discussion to the case of flat Lawson symmetric connections ∇. On a Riemann surface, a connection can be decomposed into a holomorphic and an antiholomorphic structure
where∂ ∇ maps to complex anti-linear 1-forms and ∂ ∇ maps to complex linear 1-forms. There are several reasons why it is useful to consider holomorphic structures in the discussion of flat connections on a (compact) Riemann surface: By the Narasimhan-Seshadri theorem there exists for a generic holomorphic structure on a degree 0 bundle a unique flat connection ∇ such that ∇ is unitary with respect to a suitable hermitian metric and such that∂ ∇ =∂ . Second, if ∇ is already flat, and we add a (trace-free) complex linear 1-form Ψ ∈ Γ(M, K End 0 (V )) then ∇ + Ψ is flat if and only if Ψ is holomorphic. Such 1-forms are called Higgs fields. This observation shows that the (moduli) space of flat connections is an affine bundle over the (moduli) space of holomorphic structures, where the fibers consist of the finite dimensional space of Higgs fields, at least at its smooth points. Moreover, in the generic fiber there is a unique point such that the corresponding flat connection is unitary for a suitable hermitian metric. And lastly, as we have already mentioned above, the family of holomorphic structures∂ ∇ λ extends to λ = 0. Therefore it seems to be very useful to discuss the moduli space of flat connections as an affine bundle over the moduli space of holomorphic structures in order to analyze the asymptotic behavior of ∇ λ for λ → 0.
As we are only interested in Lawson symmetric connections, we only need to deal with Lawson symmetric Higgs fields, i.e., Higgs fields which are also equivariant with respect to ϕ 2 , ϕ 3 and τ. It was shown in [10] that for a generic Lawson symmetric holomorphic structure∂ λ , the Lawson symmetric Higgs fields constitute a complex line. Their determinant is a holomorphic quadratic differential and invariant under the symmetries. Therefore, for a generic Lawson symmetric holomorphic structure and a non-zero Lawson symmetric Higgs field Ψ its determinant det Ψ is a non-zero multiple of the pull-back of
. Its zeros are simple, so the eigenlines of 
Proposition 1. [10]
There exists an even holomorphic map
to an eigenline bundle of a symmetric Higgs field of the Lawson symmetric holomorphic rank two bundle (V,∂). The branch points of Π are the spin bundles of M /Z 3 and the branch images of the non-trivial spin bundles are exactly the isomorphism classes of the strictly semi-stable holomorphic bundles, i.e., the corresponding unitary flat connections are reducible.
Away from the zeros of det Ψ, the eigenlines of a Lawson symmetric Higgs field Ψ with respect to a Lawson symmetric holomorphic structure∂ span the holomorphic rank 2 bundle π * V, i.e., there is a holomorphic map φ : L + ⊕ L − → π * V which is an isomorphism away from the zeros. A flat connection ∇ with∂ ∇ =∂ can be pulled back to L + ⊕L − →M in order to yield a meromorphic connection also denoted by ∇.
The second fundamental forms of ∇ with respect to the eigenlines are meromorphic line bundle valued 1-forms, and the residuum of ∇ at the zeros of det Ψ can be easily computed. Adding a multiple of the Higgs field Ψ to ∇ on V corresponds to adding a diagonal 1-form to ∇ on L + ⊕L − . In our Lawson symmetric situation, the connection ∇ on L + ⊕ L − is given explicitly in terms of theta-functions on the torusM /Z 3 . But it is even easier to work on the quotient ofM /Z 3 by the symmetries ϕ 2 and τ which a again is a torus, denoted by T 2 . We will only state the formulas in the case of the Lawson Riemann surface structure. In this caseM /Z 3 as well as T 2 are square tori. If we identify T 2 = C/(Z+iZ) then a Lawson flat symmetric connections corresponds to the connection 1-form
where θ is the theta-function of T 2 which has a simple zero at 0 and
.
The corresponding holomorphic structure∂ ∇ on the rank 2 bundle is determined by Π(∂ 0 ±πxdz), and adding a multiple of the Higgs fields on ∇ is equivalent to adding a multiple of the diagonal matrix with entries dz and −dz on ω. This discussion also leads to a (almost) full understanding of the moduli space of Lawson symmetric flat connections: The remaining flat Lawson symmetric connections are given by two lines lying over the point C ∈ Jac(M /Z 3 ). For this case x = 0, and formula 2.2 breaks down. This is not surprising, since the holomorphic structure corresponding to C ∈ Jac(M /Z 3 ) is the holomorphic direct sum S * ⊕ S → M which does not provide a flat connection. Nevertheless, the gauge orbit of this holomorphic structure is infinitesimal close to the gauge orbits of two other holomorphic structures, namely the holomorphic structure corresponding to the uniformization of the Riemann surface (which does not provide a unitary flat connection) and the holomorphic structure∂ given by the (welldefined) limit of∂ ∇ λ for λ → 0 of the associated family. Both holomorphic structures admit an affine line of Lawson symmetric flat connections, and they are given as special limits of (2.2), see [10] for details. 
/ / S commutes. The spectral curve Σ branches at 0. Moreover, there exists a meromorphic lift D with a first order pole over λ = 0 into the affine moduli space A f of flat line
commutes, where A f 2 is the moduli space of flat Lawson symmetric connections on M and abel is the map discussed in Theorem 3.
Conversely, a triple (Σ, L, D) as above determines a family of Lawson symmetric flat connection on M which has the asymptotic behavior as in Theorem 2. In order to obtain a CMC immersion the family has to satisfy the reality condition and the closing condition. The second condition is easy compared to the first one as one knows which flat line bundle on the torusM /Z 3 determines the trivial connection on M : It is the flat unitary line bundle which has monodromy −1 along both of the "standard" generators of the first fundamental group of the torusM /Z 3 . The main difficulty is to find spectral data (Σ, L, D) which satisfy the reality condition, i.e., the corresponding family of flat SL(2, C)-connections must be unitarizable along the unit circle. We do not solve this problem here as we are not able to compute the monodromies of irreducible flat connections explicitly, but work out the necessary theory to attack this problem numerically. As we have discussed above, for each (Lawson symmetric) holomorphic structure, there exists a unique compatible flat (Lawson symmetric) SL(2, C)-connection which is unitarizable, i.e., unitary with respect to a suitable chosen metric. Clearly, this property is equivalent to have unitarizable monodromy. From Theorem 3 we see that for each holomorphic line bundle on the torusM /Z 3 there is a compatible flat connection such that the corresponding flat Lawson symmetric SL(2, C)-connection is unitarizable. Therefore, we obtain a (real analytic) section
of the affine moduli space of flat line bundles over the Jacobian. With the same notations as used in (2.2) this section is given in the case of the Lawson Riemann surface by
where b : Jac(M /Z 3 ) → C is a doubly periodic real-analytic function.
The reality condition can now be rephrased as follows: For all µ ∈ Σ with p(µ) ∈ S 1 the spectral data have to satisfy
We will use this equation later on to determine the spectral data of the Lawson surface of genus 2 numerically, see Figure 3 .
2.2. The DPW approach. Another approach to CMC surfaces in S 3 was developed by Dorfmeister, Pedit and Wu [5] . The basic idea is to work with families of meromorphic connections with respect to the trivial holomorphic rank 2 bundle C 2 → M instead of varying holomorphic structures∂ λ . Clearly, one needs to allow poles in the connection1-forms as the only holomorphic unitarizable connection on C 2 → M over a compact Riemann surface is the trivial one.
In order to construct CMC surfaces one tries to find a DPW potential
i.e., a meromorphic λ-family of meromorphic sl(2, C)-valued 1-forms on M with first order pole in λ such that the corresponding family of flat connections ∇ λ = d + η(λ) satisfies the properties of Theorem 2. In general, the DPW potential η does not exist on the whole spectral plane C * but only on a small punctured disk around λ = 0. Moreover, it is not clear in general how many (possibly varying) poles one needs to allow in order to obtain a potential which give rise to a closed CMC surface in S 3 . In the case of the Lawson surface of genus 2, the existence and precise form up to two unknown functions in λ of such a potential was determined in [9] . In the more general situation of Lawson symmetric CMC surfaces on a Riemann surface given by the equation (2.6)
one can easily prove by the same methods that a DPW potential is given by
Here, A, B are λ-dependent functions and π : M → M/Z 3 = CP 1 . All poles are apparent on M, i.e. the local monodromy around every pole is trivial. On the quotient M/Z 3 = CP 1 the poles at z = 0 and z = ∞ are still apparent whereas the conjugacy class of the monodromy around the poles at the four branch points ±z 0 and ±z 1 is given by the third root of the identity.
The functions A and B need to be chosen in such a way that the closing condition and the reality condition is satisfied for the family of flat connections d + η(λ). As was proven in [9] there do not exists finite values for A, B and λ such that the holonomy of d + η a,b is trivial. Nevertheless, there exists values for A and B such that the monodromy is upper triangular, and these values will guarantee our closing condition. The reason behind this is that the gauge from the associated family of flat connections to the connection given by the DPW potential is singular at the Sym points. This can be deduced by comparing the spectral curve approach with the DPW approach: As we have two different ways to describe Lawson symmetric flat SL(2, C)-connections there must exist a transformation between them. This transformation 
One can easily verify by hand that the corresponding flat connections at the points λ k satisfying the above equations have upper triangular monodromy. Note that Theorem 2 can still be applied, see [21, 6] .
For our numerical computations, we do not work with the DPW potential d + η A,B as it has a singularity at z = 0. One can easily gauge this apparent singularity away by the gauge 1 0 − Aλ z 1 to obtain a meromorphic potential d +η A,B which is smooth at z = 0. Moreover, it satisfies
where ϕ 2 on CP 1 is given by z → −z. This implies that at z = 0 the monodromy matrices M 1 , M 2 , M 3 and M 4 around the poles z 0 , z 1 −z 0 and z 1 with respect to the standard basis of C 2 are related as follows
All these matrices are in SL(2, C) and of trace −1 as the singularities are apparent when pulled back to the threefold covering M → CP 1 . We denote the traces of the products by 2t i,j = tr(M i M j ). The following Proposition gives an easy characterization of unitarizable representations which we apply in our experiments below: Proposition 2. Let the four matrices M k be given as above such that they have no common eigenline. Then they are simultaneously unitarizable if and only if t k,l ∈ [−1, 1] for all k, l ∈ {1, .., 4}. This condition already holds if t 1,2 ∈ (−1, 1) and t 1,3 ∈ (−1, 1). In this case, the four matrices are unitarizable by a diagonal matrix.
Experiments: The Lawson surface ξ 2,1
As we have described in section 2.1 we need to find a family of flat line bundles on the torusM /Z 3 parametrized on the spectral curve Σ → C which satisfies the reality condition (2.5) in order to construct the Lawson surface ξ 2,1 . To do so, we first compute the doubly-periodic function b in (2.4) numerically: For each x ∈ C corresponding to the holomorphic line bundle∂ 0 −πxdz one searches numerically for the unique a u (x) such that the monodromy of the corresponding flat Lawson symmetric SL(2, C)-connection is unitary. An irreducible flat connection is unitarizable if and only if the traces of all its individual monodromies are contained in the interval [−2, 2] ⊂ R. This leads naturally to a functional depending on a which can be numerically minimized by using a numerical ODE solver as implemented for example in Mathematica. This can be done for all points x in the torus Jac(M /Z 3 ) lying on a lattice. The function b can then be approximated by Fourier series on the Jacobian. For the Lawson Riemann surface the real part of the function b is shown in Figure 2 whereas its imaginary part is given via the formula b(ix) = −ib(x) due to a real symmetry of the Lawson surface. Equipped with these numerical data, we can search for the spectral data of the Lawson surface. We have started with the assumption that the spectral curve does not branch over the closed punctured unit disc {λ ∈ C | 0 < λλ = 1}. This assumption seems to be natural in view of the assertion concerning the branch point in Theorem 5 in [10] . Then, an appropriate coordinate on Σ is given by t with t 2 = λ, and the maps L and D in Theorem 4 are given by holomorphic respectively meromorphic functions and a : {t ∈ C | tt < 1} → C, where a has a first order pole at t = 0 and is holomorphic elsewhere. These functions can be approximated by their Taylor respectively Laurent series. Note that both functions are odd in t. Moreover, due to symmetries of the Lawson surface which are not space orientation preserving, see [9] , the series coefficients x k of the function x vanish if k mod 4 = 1 and the series coefficients a k of the function a vanish if k mod 4 = 3. Moreover, the coefficients x k are real multiples of and the coefficients a k are real multiples of
due to a anti-holomorphic symmetry of the Lawson surface.
The numerical search for the coefficients of x and a has been designed as follows: We have implemented the extrinsic closing condition from the beginning and searched for a finite number N of free real coefficients of the numerical approximates x n and a n :
and a n (t) :
Then we have chosen a finite number K >> 2N sample points t k in equidistance on an arc with angle π 2 on the circle. Note that a quarter of the circle is enough due to the symmetries of the Lawson surface and of the functions. Then we numerically minimized the functional
with the help of the FindMinimum routine in Mathematica. For example for N = 10 and K = 120 we have found a numerical root of this functional with an error of 10
which seems reasonable good compared with the expertise of earlier experiments on k-noids by the second author. The image of the unit circle of these functions is shown in Figure 3 . Note that the (numerical computed) surface obtained out of the spectral data by means of Theorem 2 has the symmetries ϕ 2 , ϕ 3 and τ. Moreover, it has the additional space orientation reversing and the anti-holomorphic symmetries discussed above. From this, one can deduce that the so constructed minimal surface in S 3 must be the Lawson surface. In fact, the energy formula in [10] applied to our numerical spectral data yields an area of 21.91, a value which only slightly differs from what has been numerically computed in [13] using the Willmore flow.
The reconstruction of CMC surfaces as in Theorem 2 has been implemented in the software suite Xlab by the second author. However, the input data must be given as a DPW potential. Therefore, we apply the transformation (2.8) to obtain a DPW potential of the form (2.7) for z 0 = 1 and z 1 = i. Note that the functions A(x(t), a(t)) and B(x(t), a(t)) are automatically even in t which means that we have obtained holomorphic functions A(λ) and B(λ) depending on the spectral parameter λ ∈ {λ ∈ C | λλ < 1 + }. The symmetries imply that A and B have real coefficients and that they are also even with respect to λ. An image of the Lawson surface of genus 2 is shown in Figure 4 . Note that the existence of such an image also serves as a positive test for our numerical experiments.
Experiments: Whitham Deformation of Lawson symmetric CMC surfaces of genus 2
The physical idea behind these experiments is the following: Starting with the Lawson surface of genus 2 and changing the pressure inside the Lawson surface slightly will make compact CMC surfaces in S 3 . As these small deformations should be unique by physical reasoning the CMC surfaces should again be Lawson symmetric, so we can use the DPW potential in (2.7) to construct them. The main difference to the Lawson surface is there are no space orientation reversing symmetries anymore as the pressure inside and outside the CMC surface differs. Therefore, the functions A(λ) and B(λ) are not even anymore. This can also be deduced from the Sym point condition (2.9) and (2.10).
As we have discussed in section 2 there is a complex one-dimensional family of Riemann surfaces of genus 2 which admit the holomorphic Lawson symmetries. But the physical insights only indicates a real one-dimensional family of Lawson symmetric CMC surfaces. By an analogy to tori we may expect that the real one-dimensional family of Riemann surfaces induced by Lawson symmetric CMC surfaces consists of those surfaces given by (2.6) withz 0 = z 1 , z 0z0 = 1, which we call rectangular Lawson symmetric surfaces from now on. Our experiments suggest that this is true, see Figure 4 . In fact, we have not found any Lawson symmetric CMC surface whose Riemann surface is not rectangular.
We have designed our experiments as follows: Start with a rectangular Lawson symmetric Riemann surface and with the corresponding DPW potential (2.7). Write Define the functional
tr(M i M j ) for the monodromy matrices M i of the connection
on the four-punctured sphere CP 1 \ {±z 0 , ±z 1 } and
Next, we impose the extrinsic closing conditions (2.9) and (2.10) in our search: Write B as
where f is the unique polynomial of degree ≤ 3 satisfying
2 ) for the Sym points λ 1 , λ 2 ∈ S 1 . We again approximate
There is no reason to assume that the anti-holomorphic symmetries of the Lawson surface is broken for the rectangular Lawson symmetric CMC surfaces. Therefore, after rotating the spectral plane such thatλ 1 = λ 2 , we work with the assumption that A and B are real, i.e., the coefficients a k , c k are real numbers. We fixλ 1 = λ 2 and define a functional as follows: Take a finite number of sample points λ 3 , .., λ K ∈ S 1 in equidistance and define
where the b k are computed according to (4.1). Then, we searched by brute force for a minimizer of F starting with the initial data of the Lawson surface. We found evidence for the existence of Lawson symmetric CMC surfaces, i.e. a numerical search has found minima of order 10 −12 . The family of Lawson symmetric CMC surfaces is shown in Figure 4 together with images of their DPW spectral curve and with the corresponding four-punctured sphere defining the Riemann surface structure. The meaning of the DPW spectral curve picture is as follows: The circle is the unit circle in the spectral plane, whereas the green points are the Sym points. The blue point is just the center λ = 0 of the spectral plane, while the red point coming inside the unit disc is a zero of the function B. In the case of tori, this zero also moves inside the unit disc for the family of homogenous CMC tori (of spectral genus 0) starting at the Clifford torus. It is of order 2 outside the unit disc, and can continue either as a double zero to the inside or bifurcate to two simple zeros reflected across the unit circle. When it continues as a double zero the CMC tori remain homogenous whereas in the second case one obtains unduloidal rotational Delaunay tori of spectral genus 1. We have also done the corresponding experiments for these tori in the DPW approach independent from the theory of spectral curves, see section 5 below. We like to mention that the numerics worked in that theoretical well-understood case as good as in the case of genus 2 surfaces. Note that the family of Lawson symmetric CMC surfaces converges against a doubly covered sphere while the zero of B converges to λ = 0. The reason for this is that the Hopf differential is given by the pull-back of B(0) and hence vanishes in the limit. The corresponding surface is totally umbilic and therefore a covering of the round sphere.
We have also found a disjoint family of rectangular Lawson symmetric CMC surfaces by the same methods. This family converges against a threefold covering of a round sphere in S 3 , see Figure 5 . In the more general situation of Lawson symmetric CMC surfaces which are not rectangular we have not been able to find any numerical solutions. In 6 we show the graph which relates the Riemann surfaces structures of rectangular Lawson symmetric CMC surfaces and the mean curvature of the numerical computed Lawson symmetric CMC surfaces of genus 2. As explained above, we have fixed the sym points λ k ∈ S 1 such that λ 2 =λ 1 . The vertical axis shows the angle of λ 1 with respect to the real axis in the spectral plane C. Moreover, the rectangular Lawson Riemann surfaces are given by y 3 = z 2 −z 2 0 z 2 −z 2 0 for with z 0z0 = 1. The horizontal axis shows the angle of z 0 to the real axis in the z-plane.
Experiments: The Lawson surfaces ξ g,1
A natural generalization of our experiments is given by looking at deformations of the Lawson surfaces ξ g,1 of genus g. These are quite similar to the Lawson surface of genus 2 but now have a g +1-fold symmetry instead of the threefold one. By analogy, we used the following DPW potential . The Sym point condition is almost the same as in the case g = 2 with the only difference that the function R in (2.10) is given by R = A(A +
1−g 1+g
). We have performed the experiments for g = 1, .., 8 totally analogous to the case of g = 2. In all cases we have obtained for z 0 = 1, z 1 = i the Lawson surface ξ g,1 , see Figure 1 , and for small rectangular variations of the Riemann surface structure we have obtained CMC deformations through Lawson symmetric surfaces. Especially, in the case of g = 1 we have computed the Clifford torus and numerical CMC deformations of it which are of course the homogeneous tori first and then bifurcate to the Delaunay tori. We thus have found numerical evidence that for all genera g there exists Lawson symmetric CMC deformations of the Lawson surface ξ g,1 .
